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Abstract
The general theory of matching conditions is developed for gravitational the-
ories in two spacetime dimensions. Models inspired from general relativity
and from string theory are considered. These conditions are used to study
collapsing dust solutions in spacetimes with non-zero cosmological constant,
demonstrating how two-dimensional black holes can arise as the endpoint of
such collapse processes.
1 Introduction
Although the study of matching conditions (phenomena at the boundary be-
tween regions of space-time covered by different metrics) was first considered
around 1920, it has been a topic of considerable interest in general relativity
only since the influential paper by Israel in 1966 [1, 2, 3, 4, 5]. The objective
is to describe the form of the surface separating the two regions, that is, to
give the spatial position of the surface as a function of its proper time. In
general relativity, this is accomplished by imposing matching conditions on
the metrics at the surface, where the metric on either side and the stress-
energy of the space-time are known [1]. This study has several important
applications in particle physics, astrophysics and cosmology [4], as well as for
gravitational collapse [5, 6].
Interest in the study of such conditions in two spacetime dimensions arises
from recent work on theories of gravitation in this context [7, 8, 9, 10, 11,
12, 13]. Such theories have a rich structure which can give rise to space-
times with black holes, thereby making them an interesting arena for the
study of quantum gravitational effects as their mathematical complexity is
significantly reduced from that of (3+1) dimensional general relativity. The
formation of two-dimensional black hole spacetimes from collapsing distri-
butions of matter is of particular interest in this regard. Some [14, 15] (but
not all [8]) of these static black hole spacetimes result from the coupling of a
dilaton field to the spacetime metric. The presence of the dilaton necessitates
a consideration of appropriate matching conditions for the collapsing matter
[14].
In this paper we formulate the (1+1) dimensional analogue of the match-
ing conditions and apply them to both static spacetimes and to collapsing
matter in a variety of situations. Specifically we consider theories of gravita-
tion in which a generic stress-energy tensor generates the spacetime curva-
ture, analogous to (3 + 1)-dimensional general relativity. This may be done
via auxiliary fields [16], leading to a theory in which the Ricci scalar is set
equal to the trace of the conserved stress-energy tensor [7], or by considering
‘string-inspired’ models, in which spacetime curvature arises due to a metric-
dilaton coupling as well as due to a generic stress-energy tensor [9, 14]. We
show in each case that the formation of black holes from collapsing dust
proceeds in a similar manner to the analogous collapse in general relativity.
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2 Two-Dimensional Gravity
Before discussing the field equations, it is worthwhile to establish the equiv-
alent of the Gauss-Codazzi relations in two dimensions. As the boundary
Σ between any two regions of (1 + 1) dimensional spacetime is in fact one-
dimensional (a line), there is no intrinsic curvature, and the extrinsic curva-
ture may be given by the scalar
K ≡ uαuβ∇αnβ (1)
where uα is the tangent to Σ, and nα is the normal. By applying
Rαβγδ = Rgα[γgβ]δ, (2)
which is only true in two dimensions, and the fact that uα and nα are orthog-
onal unit vectors, it is possible to derive the equivalent of the Gauss-Codazzi
relations,
R = 2(nα∇αK + ǫK2), (3)
where ǫ = −1 if Σ is timelike, +1 if it is spacelike. This relates the only
remaining degree of freedom in the curvature of the spacetime, the Ricci
scalar, to the extrinsic curvature of the surface.
Two-dimensional gravity must be founded on a different set of field equa-
tions, as the result (2) implies that Einstein’s tensor vanishes identically in
two space-time dimensions,
Gµν = Rµν − 1
2
gµνR ≡ 0. (4)
One proposed alternative is the theory
R− Λ = 8πGT, (5)
which is the simplest non-trivial analogue of general relativity that may be
constructed in two dimensions [18] . This equation derived from the action
[16]
S =
∫
d2x
√−ggµν
(
1
2
∂µΨ∂νΨ+ΨRµν +
1
2
gµνΛ
)
+ LM , (6)
which also implies conservation of energy,
T µν;ν = 0, (7)
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if we define δLM ≡ −8πG√−gTµνδgµν . For reasonable two-dimensional
stress-energy tensors, the field equation (5) qualitatively reproduces many
of the solutions of Einstein’s equations, including gravitational collapse, a
cosmological solution, a post-Newtonian expansion, and black holes [8, 7],
plus a number of other similarities in the semiclassical regime [7, 16, 17]. We
shall refer to this as the “R=T” theory.
The study of matching conditions in this theory leads to some results
similar to general relativity, although we do see differences, particularly in
the physical interpretation. The analogue of the Lanczos equations for this
field equation is [19]
4πGS = [K], (8)
and integration of the field equation (5) using (3) gives
S = lim
ε→0
∫ ε
0
Tdn, (9)
that is, S is the integral of the trace of the stress-energy through the surface
which is analogous to the relation
Sij = lim
ε→0
∫ ε
0
Tijdn, (10)
in general relativity [1].
Another two-dimensional theory of recent interest has been developed
from a non-critical string theory in two target-space dimensions [9, 10], al-
though the most interesting solution, a metric having the form of an asym-
metric black hole,
ds2 = −(1− ae−Qx)dt2 + dx
2
1− ae−Qx (11)
was first found as the solution to a scale-invariant higher-derivative theory
of gravity [11], and has also been found to be a solution to c = 1 Liouville
gravity in two dimensions [12]. The effective target space action for the string
theory is [9]
S =
∫
d2xe−2Φ
√−g(R− 4(∇Φ)2 + c). (12)
From a gravitational point of view, the asymmetry of the solution (11) about
the origin is somewhat objectionable, as it is difficult to understand how
3
such a solution could arise from gravitational collapse of a distribution of
matter confined to some finite spatial region (for an alternative viewpoint
see [15]). It is possible [14] to derive a symmetric solution locally identical
to (11) by assuming the presence of an appropriate source of stress-energy
centered about the origin. This may be done by introducing a corresponding
matter term LM in the action (12) which may be thought of as modelling
some unknown higher-order effects. It may also be shown that the action
with matter term is equivalent to that of a massive scalar field ψ = e−Φ non-
minimally coupled to curvature [14], allowing a less ambiguous interpretation
of the matter term.
We therefore propose the revised action
S =
∫
d2x
√−g
{
e−2Φ(R− 4(∇Φ)2 + c) + LM
}
. (13)
This leads to the field equations
Rµν − 2∇µ∇νΦ = 8πGe2ΦTµν , (14)
and
R− 4(∇Φ)2 + 4∇2Φ + c = 0. (15)
This system is also quite rich in structure, having a cosmological solution, a
post-Newtonian expansion, the symmetric black hole solution
ds2 = −(1− ae−Q|x|)dt2 + dx
2
1− ae−Q|x| (16)
and gravitational collapse. These have been studied in detail in [14, 20]. Al-
though these field equations sacrifice some of the simplicity of the field equa-
tion (5), they remain substantially simpler in practical terms than general
relativity. The analogues of the Lanczos equations for these field equations
are
8πGS00 = ǫ[K], (17)
4πGS01 = [u
α∇αΦ], (18)
8πGS11 = −ǫ[K] + 2[nα∇αΦ], (19)
in natural coordinates [1] where x0 and x1 are the geodesic distances along
uα and nα respectively. These equations introduce the possibility of non-zero
4
elements of Sij in the normal direction, in contrast to the situation in general
relativity.
Integration of the field equations (14,15) using the relation between the
Ricci scalar and extrinsic curvature (3) gives
Sij = lim
ε→0
∫ ε
0
e2ΦTijdn, (20)
that is, the surface stress-energy is the integral of the stress-energy multiplied
by a weighting factor through the surface in natural coordinates which is the
analogue of (10) in this case.
3 Matching: The Static Case
In the R=T theory, the metric
ds2 = −f(|x|)dt2 + f(|x|)−1dx2 (21)
where
f(|x|) = −Λ
2
x2 + 2M |x| − C (22)
is a solution of the field equation (5) for 8πGT = 4Mδ(x), that is, it is the
general vacuum solution with a point source of matter and a cosmological
constant. It is easy to see that this metric describes black hole solutions and
cosmological event horizons, as the coordinate singularities of the metric are
given by the condition f(|x|) = 0, giving pairs of horizons on either side of the
point singularity. We therefore say that this metric represents the analogue
of the Schwarzschild-De Sitter solution in this two dimensional theory. Note
however that the Cosmic Censorship principle does not apply, as, for given
Λ and M , there is some C such that f(|x|) = 0 has no positive roots, and
thus there can be uncloaked singularities.
As any two-dimensional space-time metric has only one degree of freedom,
any symmetric static metric can be written in the form (21). It is therefore
very useful to consider the problem analogous to the boundary between two
Schwarzschild-De Sitter metrics [4],
ds2± = −f±dt2± +
dx2
f±
, (23)
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where the physical example we consider is the boundary between two solu-
tions of the form
f± = −1
2
Λ±x
2 + 2M±|x| − C. (24)
The metric intrinsic to Σ is
ds2Σ = −dτ 2 (25)
in all two-dimensional systems. Matching the metrics at the surface Σ de-
scribed by |x| = R(τ) gives
f−1± R˙2 − f±t˙2± = −1, (26)
where the overdot denotes the derivative with respect to proper time, as
before. Assuming the surface is timelike, the tangent vector will be a timelike
unit vector,
uµuνgµν = −1 (27)
implying by (26) that
uµ = (t˙±, R˙). (28)
Similarly, by using the orthogonality of the tangent and normal vectors,
uµnµ = 0, and the fact that nµ is also a unit vector,
nµnνg
µν = 1, (29)
we find
nµ = (−R˙, t˙±). (30)
Applying the condition (26) and the two forms (28,30) to the definition (1)
of the extrinsic curvature yields
K± = −
R¨+ 1
2
f ′±√
R˙2 + f±
, (31)
which may be simplified to
K± = − d
dR
√
R˙2 + f±. (32)
Substituting this form of K in the Lanczos equation [K] = 8πGS gives
F˙+ − F˙− = −8πGSR˙, (33)
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F± =
√
R˙2 + f± as before, analogous to the situation in general relativity
[2]. However, we do not have the additional information (which comes from
the angular components in higher dimensions) that enabled us to obtain the
first integral previously. If we define σ by
d(σR)
dτ
= 2SR˙ (34)
then we obtain
F+ − F− = −4πGσR− c, (35)
with c a constant of integration. This equation is identical in form to that
which occurs in general relativity [2]. However the physical interpretation
of σ is unclear in this case, and (in contrast to general relativity [2]) we
cannot eliminate the constant of integration c. This constant means two
initial conditions are required to give a unique solution, where only one was
necessary in general relativity. In the special case of the thin shell of dust in
a vacuum, S is a constant, the surface density, and we get σ = 2S from the
definition (34). In general relativity, σ is defined to be the surface density,
so this result is encouraging.
Turning now to the string-motivated theory described by (13), if we con-
sider the case of the symmetric static metric
ds2± = −f±dt2± +
dx2
f±
, (36)
the development could be followed through in much the same way as it was
above for the R=T theory. However, in the case of (14,15), we have another
important matching condition. We must require that the dilaton field Φ be
continuous, as otherwise we would need an infinite surface density of the
associated charge on the surface (this is similar to the requirement that the
scalar potential V be continuous in classical electromagnetism). We have
two important static metrics in this theory, which are (written in the form
(36))
f+ = 1− ae−Q+|x|, (37)
the vacuum solution developed in [14], for which we find
Φ+ = −Q+|x|
2
, (38)
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and
f− = 1− k
1 + coshQ−x
(39)
which is actually a proposed vacuum solution of the string theory with a
non-zero tachyon field [21], with the associated dilaton field
Φ− = ln

Q−√2/k sinh(Q−
2
|x|)
√
sinh2(
Q−
2
|x|) + 1

 . (40)
Thus, if we regard these two solutions as the outside and inside metrics for
some surface layer, requiring continuity of the dilaton field Φ+(R) = Φ−(R)
gives the equation
e−Q+R =
2Q2−
k
sinh2(
Q−
2
R)
(
sinh2(
Q−
2
R) + 1
)
, (41)
which has only the trivial solution R(τ) = C, where C is a constant deter-
mined in terms of the parameters on both sides. It may be the case that
there is no solution, as (41) may not have a positive real root. The constant
solution does not imply that there is no stress-energy on the surface; instead
K± = −d
√
f±
dR , (42)
as R˙ = 0, and thus the first “Lanczos” equation (17) implies
8πGS00 = − d
dR(
√
f+ −
√
f−). (43)
We may make the obvious generalization that for any matching problem
in which the dilaton field is static on both sides of the surface, requiring
continuity of the dilaton field will give at most the trivial solution R(τ) = C,
and some constant stress-energy on the surface. A complete solution would
require matching of the tachyon field as well, but we shall not consider this
problem any further.
4 Matching: The Collapsing Case
Consider a non-static metric written in comoving coordinates
ds2 = −dt2 + a2(t)dy2, (44)
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where the cosmic scale factor a(t) is an arbitrary function representing the
one degree of freedom of the metric. We take the position of the surface
Σ to be |y| = r(τ) in this metric. This metric represents the cosmological
solution, as the length scale will vary in time; in two dimensions open and
closed universes do not yield distinct metrics [8]. In the two-dimensional
theories described above, the exact solutions to date can be written either
in this form or in the static form (21); in particular, the interior metric of
collapsing dust is written in this form with the spatial coordinate taken to
be co-moving, implying r˙ = 0.
If the metric on one side (say V−) of a surface has the form (44), matching
it to the intrinsic metric of the surface gives the condition
− t˙2− + a2r˙2 = −1. (45)
Assuming the surface is timelike, the expressions (28) and (30) for uα and
nα are valid, and we can explicitly evaluate the extrinsic curvature, giving
K− = − r¨
t˙−
− 2a
′
a
r˙. (46)
As this does not appear to be the derivative of a function, that isK− 6= df/dr
for any f , we cannot integrate the Lanczos equation as we did previously.
Therefore, this is as far as we can carry the general argument, and further
discussion requires that we specify a(t).
We therefore turn to the special case of a collapsing “ball” of dust in
one spatial dimension. The study of a ball of collapsing dust in general
relativity provides an idealized model of the physical collapse of a star to form
a black hole. Here we consider the analogue of this problem in two-spacetime
dimensions to see whether or not the 2D black holes studied previously [7,
9, 13] can arise as the endpoint of such a collapse.
Although a ball of collapsing dust in a spacetime with vanishing cosmo-
logical constant was studied for these reasons early in the development of the
R=T theory [8], it has been recently suggested [22] that as the space-time
outside this dust is flat, it represents a very special case, and is not a reliable
model for the corresponding interactions in general relativity. We therefore
consider collapsing dust in a spacetime with non-zero cosmological constant.
As we shall see, the qualitative properties of the collapse are the same as in
ref. [8], and all the results reduce to the previous ones when Λ→ 0.
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The dust is falling freely under the influence of purely gravitational forces,
so we may make it the basis of a comoving coordinate system. We then have
a Robertson-Walker metric on the interior region,
ds2 = −dτ 2 + a2(τ)dy2, (47)
where y is the comoving spatial coordinate, τ is the proper time of the dust,
and a is the scale factor. The trace of the stress-energy in the interior region
is T = −ρ, where ρ(τ) is the density of the dust. The conservation law (7)
thus implies that ρa = ρ0a0, where ρ0 is the initial density of the dust, and
a0 is the initial scale factor [8]. The field equation then becomes
a¨ = −4πGρ0a0 + Λ
2
a, (48)
where the overdot denotes d/dτ , and we impose the initial conditions
a0 = a(0) = 1, a˙(0) = 0, (49)
that is, we take the dust to be initially at rest with a at its maximum, and
scale a to its initial value. The solution for a with these initial conditions
can be easily seen to be
a(τ) = (1− 8πGρ0
Λ
) cosh(
√
|Λ|
2
τ) +
8πGρ0
Λ
(50)
if Λ is positive, and
a(τ) = (1− 8πGρ0
Λ
) cos(
√
|Λ|
2
τ) +
8πGρ0
Λ
(51)
if Λ is negative. As Λ→ 0
a(τ)→ 1− 2πGρ0τ 2, (52)
which is the solution found in [8].
To make the form of the solution more obvious, we write the interior
metric as
ds2 = −dτ 2 + ((1− b) cosh(
√
Λ′
2
τ) + b)2dy2 (53)
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if Λ is positive, and
ds2 = −dτ 2 + ((1 + b) cos(
√
Λ′
2
τ)− b)2dy2 (54)
if Λ is negative, where we have defined Λ′ = |Λ|, and b = 8πGρ0/Λ′. For a
collapsing dust, we must have a(τ) = 0 at some finite time τ . For Λ negative,
τ =
√
2
Λ′
cos−1
(
b
b+ 1
)
, (55)
but when Λ is positive, we must have
b > 1⇒ ρ0 > Λ
8πG
(56)
for (53) to correspond to a collapsing dust. If this condition is not satisfied,
the gravitational collapse of the dust will be overcome by the general expan-
sion of the space-time caused by the cosmological constant. When (56) is
satisfied, a(τ) = 0 at
τ =
√
2
Λ′
cosh−1
(
b
b− 1
)
. (57)
Note that τ → (2πGρ0)−1/2 as Λ→ 0 in both cases, reproducing the previous
result [8].
In the exterior coordinates, where the stress-energy trace T = 0, the
metric is the two-dimensional Schwarzschild-De Sitter analogue (21). In the
matching, we treat the mass M and constant C as adjustable parameters.
We consider next the problem of extending the outside co-ordinates to
the inside of the dust. In the integrating factor technique, we attempt to
construct a continuous transformation from the interior to the exterior coor-
dinates over the whole of the interior dust- filled region [6]. That is to say,
we attempt to write the interior metric in the form
ds2 = −B(t, x)dt2 + A(t, x)dx2 (58)
where x and t are the same as before, and B and A must satisfy the boundary
conditions
B(t,R) = f(R), A(t,R) = 1
f(R) (59)
11
at the dust edge, whose position is |y| = r in the interior coordinates and
|x| = R in the exterior coordinates. We assume that
dt = η(S˙dτ + S ′dy), x = a(τ)y (60)
where η is an integrating factor. Requiring that the forms (58) and (47) of
the interior metric be equivalent then gives
Bη2S˙S ′ = Ayaa˙, (61)
Bη2S˙2 −Ay2a˙2 = 1, (62)
Bη2S ′2 − Aa2 = −a2, (63)
and (62) and (63) imply
A =
1
1− y2a˙2 . (64)
If the cosmological constant vanishes, it is possible to solve for S and η,
and explicit forms of A and B are given in [8]. In the more general case,
we were able to find S by assuming S = f(y)g(a(τ)), but we were unable to
find a suitable expression for η. As a transformation of this kind was found
in the case Λ = 0, we expect that it is still in principle possible here, since
there should be no significant change in the behavior of the dust edge. We
therefore assume
f(R) = 1
A
= 1− r2a˙2, (65)
which is necessary for the transformation to be continuous at the dust edge,
and R = ra(τ), that is, the position of the dust edge in the exterior coor-
dinates is the proper distance from the origin to the dust edge. Note that
with the latter assumption, we can interpret the boundary conditions (49)
as representing a ball of dust with initial radius R0 = r initially at rest in
the exterior coordinates, and we see that a = 0 corresponds to the collapse
of the dust to R = 0.
We next show that the above conditions imply that the dust edge is in
fact a boundary surface in two dimensions. The extrinsic curvature in the
interior region is given by (46), and as the interior coordinates are co-moving,
r˙ = 0, and thus K− = 0. The extrinsic curvature in the exterior coordinates
is given by (32),
K+ = − d
dR
√
R˙2 + f. (66)
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If we now set R = ra(τ), f(R) = 1 − r2a˙2, we see that R˙2 + f(R) = 1,
and thus K+ = 0. Thus, if these conditions are satisfied, the dust edge
will be a boundary surface. This is important, as the dust edge in general
relativity is a boundary surface, and thus a collapse that required a surface
shell of matter would not be a good model for the collapsing dust in four
dimensions. Finally, we should note that (65) is not a necessary condition
for the dust edge to be a boundary surface, as we only need R˙2 + f(R) = c,
c some arbitrary constant, to obtain K+ = 0.
Applying the conditions (65) and R = ra(t) to the interior metrics (53)
and (54), and the exterior metric (21), we find
M = 2ρ0r, C = 1− r2(8πGρ0 − Λ
2
). (67)
This mass identification is hardly surprising, as it simply means that a line of
dust of density ρ0 and length 2r is equivalent to a point source of mass 2ρ0r.
The identification of the constant of integration is relatively unimportant,
as it has no physical significance. Note that only the mass identification is
required for the dust edge to be a boundary surface, that is, it is equivalent
to the necessary condition R˙2 + f(R) = c.
As positive and negative cosmological constants give slightly different
results we treat them separately. For positive Λ, the matching conditions are
satisfied if (53) is matched to (21) with
f(x) = Λ′br|x| − Λ
′
2
x2 + 1− Λ
′
2
r2(2b− 1). (68)
There is no Birkhoff theorem in two dimensions [17], so we must ask under
what conditions the collapse of the dust leads to a black hole. The positions
of the event horizons are given by the roots of (68), as these are where the
signature of the metric (21) changes sign, so
|xh| = br ±
√
(b− 1)2r2 + 2
Λ′
. (69)
There is always at least one root, but we interpret this larger root as the
cosmological event horizon due to the expansion of space-time caused by the
positive cosmological constant. Thus, an event horizon will form around the
collapsing dust only if the smaller root is positive, that is, if
b >
1
Λ′r2
+
1
2
⇒ ρ0 > 1
8πGr2
+
Λ′
16πG
. (70)
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This condition reduces to the one in [8] if Λ = 0. Note that it is possible
to satisfy this condition on the initial density, but not the condition (56).
This, however, is physically meaningless, as in this case the dust would not
collapse, and the Schwarzschild radius given by (69) would never lie within
the range of the exterior coordinates. Alternatively, if (56) is satisfied, but
(70) is not, collapse occurs to a naked point source. Both (56) and (70) must
be satisfied for a black hole to form.
If an event horizon does form, we would now like to know when it forms,
that is, we would like to find the comoving time τh at which the event horizon
and the dust edge coincide. This is found by substituting xh = ra(τh) in (69),
which gives
τh =
√
2
Λ′
sinh−1


√
2
Λ′
1
r(b− 1)

 . (71)
Note that the comoving time at which the horizon forms is finite, and τh →
1/4πGρ0r as Λ→ 0, so we recover the previous result [8].
A light signal emitted from the surface at time t obeys the null condition
dx
dt
= Λ′br|x| − Λ
′
2
x2 + 1− Λ
′
2
r2(2b− 1) (72)
and arrives at a point x˜ at time
t˜ = t+
∫ x˜
ra(τ)
dt
dx
dx,
= t+
2
Λ′
√
(b− 1)2r2 + 2/Λ′
tanh−1

 |x| − br√
(b− 1)2r2 + 2/Λ′


x˜
ra(τ)
, (73)
and thus t˜ → ∞ as ra(τ) → xh given by (69), that is, as τ → τh, so the
collapse to the Schwarzschild radius appears to take an infinite amount of
time, and the collapse to R = 0 is unobservable from outside, as in [8]. The
form of t˜ also reduces to the previous one as Λ→ 0.
The comoving time interval dτ between emissions of wave crests is equal to
the natural wavelength λ that would be emitted in the absence of gravitation,
and the interval dt˜ between arrivals of wave crests is the observed wavelength
λ˜. Thus the red shift of light from the dust edge is
z =
dt˜
dτ
− 1 = 1
1 + ra˙(τ)
− 1, (74)
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and
ra˙(τh) = r(1− b)
√
Λ′
2
sinh


√
Λ′
2
τh

 = −1, (75)
therefore z →∞ as τ → τh, as before [8]. Thus, the collapsing fluid will fade
from sight, as the red shift of light from its surface diverges.
For negative Λ, the matching conditions are satisfied if (54) is matched
to (21) with
f(x) = Λ′br|x|+ Λ
′
2
x2 + 1− Λ
′
2
r2(2b+ 1). (76)
The position of the event horizon is now given by the root of (76), which
gives
|xh| = −br ±
√
(b+ 1)2r2 − 2
Λ′
, (77)
and we see that there is at most one positive root of (76). This is not
surprising, as with Λ negative, the space-time is contracting, and there is no
cosmological horizon. This Schwarzschild radius is positive if
b >
1
Λ′r2
− 1
2
⇒ ρ0 > 1
8πGr2
− Λ
′
16πG
. (78)
This also reduces to the condition in [8] if Λ = 0.
The comoving time at which the horizon forms may be found by substi-
tuting xh = ra(τh) in (77), which gives
τh =
√
2
Λ′
sin−1


√
2
Λ′
1
r(b+ 1)

 . (79)
As before, τh is finite, with limit τh → 1/4πGρ0r as Λ → 0, so we recover
the previous result [8]. The null condition for a light signal emitted from the
dust edge is
dx
dt
= Λ′br|x|+ Λ
′
2
x2 + 1− Λ
′
2
r2(2b+ 1) (80)
so light emitted at (x, t) arrives at x˜ at time
t˜ = t+
∫ x˜
ra(τ)
dt
dx
dx
= t− 2
Λ′
√
(b+ 1)2r2 − 2/Λ′
tanh−1

 |x|+ br√
(b+ 1)2r2 − 2/Λ′


x˜
ra(τ)
, (81)
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and thus t˜ → ∞ as ra(τ) → xh given by (77), that is, as τ → τh. The
collapse to the Schwarzschild radius appears to take an infinite amount of
time, as before. The form of t˜ also reduces to the previous one as Λ→ 0.
The red shift of light from the horizon is still given by (74), and we have
ra˙(τh) = −r(1 + b)
√
2
Λ′
sin


√
2
Λ′
τh

 = −1, (82)
so z → ∞ as τ → τh, the red shift of light from the surface diverges as the
horizon forms. We should note finally that (74) reduces to the expression in
[8] for the red shift when the cosmological constant vanishes.
The case of collapsing dust in the string-motivated theory was studied
in [14]. We include the results here in the interests of completeness, and
because they provide another example of the effects of requiring continuity
of the dilaton field. The interior metric for the dust is of the form
ds2− = −dτ 2 + a2(τ)dy2, (83)
where the y coordinate is comoving with the dust. The interior dilaton field
is
Φ−(τ) = Φ0 − ln
(
cos(
Q
2
τ)
)
. (84)
The exterior metric is the vacuum solution (16),
ds2+ = −(1− ae−Q|x|)dt2 +
dx2
1− ae−Q|x| , (85)
and the exterior dilaton field is
Φ+ = −Q
2
x. (86)
We require continuity of the dilaton field through the surface, which gives
the equation
R(τ) = x0 + 2
Q
ln
(
cos(
Q
2
τ)
)
(87)
in the exterior coordinates. There will in general be a non-zero stress-energy
on the surface of the dust in the string theory,
8πGSij =
( −[K] 0
0 −[K]
)
, (88)
and there is a surface dilaton charge, a feature that differs from both the
R=T case and that of general relativity.
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5 Conclusions
We have shown that the endpoint of dust collapse in both the R=T and the
string-motivated two dimensional theories of gravity considered here yield the
static black holes studied previously [7, 9]. The general results qualitatively
parallel the four-dimensional case, although the technical details are quite
different. In particular, we have (3), which has the same content as the
Gauss-Codazzi equations. The “Lanczos” equations in the two cases take
almost the same form as in general relativity, and give the same result that
Sij, referred to as a surface stress-energy, is the integral of the volume stress-
energy through the surface in natural coordinates, although this is multiplied
by an exponential of the dilaton field in the string-motivated case. It is worth
remarking that in the latter theory, the normal components of Sij are non-
zero, unlike general relativity and the linear theory.
At the boundary between two static metrics in the R=T theory, we find
that the equation for R(τ) is the same as it was in general relativity, with
the problem being reduced to solving the differential equation (35). However,
the interpretation of this result is quite different: σ does not have a simple
physical interpretation, and there is an additional arbitrary constant in the
solution. On the other hand the string motivated system of equations (14,15)
has a physically significant auxiliary field, the dilaton field Φ, and we find
that requiring that Φ be continuous gives us the function R(τ) describing the
surface in both cases of interest. As the dilaton field represents a physical
potential in the string theory, we must require that it be continuous if we
wish to have only finite effects on the surface.
For the R=T theory we have extended the collapsing dust scenario of
ref. [8] to include spacetimes with a non-zero cosmological constant. The
solution with Λ positive will collapse only if the initial density ρ0 exceeds
a critical value given by (56), since the gravitational attraction of the dust
must overcome the cosmological expansion of the space-time. The condition
(65) is sufficient to make the dust edge a boundary surface, although it is
not necessary. It is equivalent to the mass and constant identifications (67).
This is the mass we would expect for the dust, and it is equivalent to the
necessary condition for the dust edge to be a boundary surface. Horizons will
form as the dust collapses only if the conditions (70) and (78) on the initial
density of the dust are satisfied. We also find that when the horizon forms,
it does so in finite comoving time and infinite coordinate time, and that the
17
red shift of light from the dust edge diverges as the horizon forms.
As the qualitative results of the study of the collapsing dust are the same
as those of the previous study [8], we conclude that black holes may be
successfully modelled in two dimensions. Of greater interest, of course, is the
inclusion of quantum effects in these processes. The simplicity of the theories
described here make them ideal testing grounds for further work in this area.
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